The driven pendulum is studied numerically and analytically under off-resonance condition, where the driving frequency w is larger than the linear characteristic frequency WQ of the pendulum. As is well known, a symmetry-breaking occurs when the driving amplitude I exceeds a critical value Ie, but further increase of I does not lead to a chaos, but to an inversion of the pendulum. It is also shown that four stationary states coexist for intermediate values of I. Most of the results obtained numerically can be explained by perturbation expansion solutions of the equation of motion. §l. Introduction. The driven pendulum has been studied in the context of the deterministic chaos, including normal or anomalous diffusion. 1 )-6) The dynamical structures that have been established so far are as follows. We denote the angular coordinate of the pendulum by x, and consider only a sinusoidal driving force I coswt. In most previous works, W has been smaller than WQ. Since the characteristic frequency of this particular system decreases because of non-linear effect, the driving force in this case is always in near resonance with the oscillatory motion of the pendulum. A general non-chaotic motion is a rotary oscillation, which combines an oscillation with a phase-locked rotation, characterized by an integer n, which counts the number of rotations per period 27T)W. The time average < x > of x in state n is thus nw. For small / only pure rotations (n = 0) occur. When I exceeds Ie, there occurs a symmetry-breaking, which for further increase of fleads to cascading subharmonic bifurcations, and finally to chaos.
because of non-linear effect, the driving force in this case is always in near resonance with the oscillatory motion of the pendulum. A general non-chaotic motion is a rotary oscillation, which combines an oscillation with a phase-locked rotation, characterized by an integer n, which counts the number of rotations per period 27T)W. The time average < x > of x in state n is thus nw. For small / only pure rotations (n = 0) occur. When I exceeds Ie, there occurs a symmetry-breaking, which for further increase of fleads to cascading subharmonic bifurcations, and finally to chaos.
It appears that nothing remains to be studied concerning the driven pendulum. To our knowledge, however, a few interesting aspects have been overlooked. They are observed not in the chaotic but in the pre-chaotic phase, where w is larger than WQ. In this paper we shall study the driven pendulum under such an off-resonance condition. §2. The numerical integrations. . The equation of motion of the driven pendulum is n 2 x + 2.\Dx + sin x = I coswt, (2.1) where D is the operator dldt, .\ the damping constant and WQ is normalized to unity. If x is a solution, then x + 27T"N with N an arbitrary integer is also a solution, but in the following -399-we shall regard them identical. The conventional stationary solution takes the form
and will be called the normal state. The system (2.1) has three parameters A,W and I, and these together with the two initial conditions constitute the system parameters. We take I > a for definiteness, and are interested in the case w = 2 and A = 0.1, where higher harmonics are almost completely negligible.
The numerical integration is based on the fourth order Runge-Kutter method with double precision, in which the time increment h is taken to be 0.01, but when the analysis gets involved, we let h = 0.001. Unless otherwise stated, we start with the initial conditions
, and discard all data between t ::;: 0 and t = 30/ A as representing the transient effects. The wave form x(t) for I = 1 is shown in Fig.1 together with its power spectrum. On the bottom of the figure is drawn a trajectory in phase space. As I increases, Al also increases, and the dynamics of the driven pendulum change in the following way. Then Al increases in the normal configuration, until it reaches the third zero'" 8.65 of J o .
Further increase of f leads to a second symmetry-breaking, and so on. Substituting in (2.1) and ignoring all higher harmonics, we have.
which leads to (3.1)
To study the local stability of the normal state, we add to the trial function an infinitesimal disturbance 8x. The linearized equation for 8x then takes the form
n=-oo
We expand 8x in the Fourier series:
To see the stability of the fundamental mode, we put m = 1 to obtain Coupling with higher harmonics are shown to be negligible, and therefore This is a basic equation of parametric resonance,7) and for the normal state to be stable, resonance must not occur. This condition is written as I 2iAW -w
which is satisfied when W 2:: 2. To study the stability of the normal state with respect to the de disturbance Sao, we put m = 0 in (3.4) to obtain
If we ignore even harmonics, Sao amplifies when Jo(Ad < 0, and a symmetry-breaking occurs. 
